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Abstract 
Given a set T of nonnegative integers, a T-coloring of a graph G is a labeling of the vertices of 
G with positive integers such that no pair of adjacent vertices is labeled with integers differing 
by a number in T. Let Tc(,l) denote the number of ways to T-color G with numbers from the set 
(LZ..., A}. We show that there is a polynomial, QG(A), such that Qo(A)= T,(l) provided that 
1 is big enough. 
1. Introduction 
All graphs will be finite and undirected without loops or multiple edges. For 
undefined terms, see [4]. 
A (proper) coloring of a graph G is a labeling of its vertices with numbers from 
{l, 2,3, . ..} such that no two adjacent vertices are labeled by the same number. We 
will sometimes refer to the numbers assigned to vertices as colors. Fig. 1 shows two 
distinct colorings of the same graph. Note that an automorphism of the graph could 
transform one coloring into the other, as could a permutation of the colors. For this 
paper, however, we will consider the vertices of the graph as points fixed in space, and 
will consider colorings differing by a permutation of the colors to be distinct. In 1912, 
in an attempt to solve the four color problem, Birkhoff [1] showed that for a given 
graph G on n vertices, there is a chromatic polynomial, Ma(A), which counts the 
number of colorings of G using up to 1 colors. To show this, Birkhoff let mi be the 
number of ways to color G with exactly i colors modulo permutations of colors and 
automorphisms of vertices. Then 
MG(J,)= i mill(l-l)“*(l-i+l). 
i=l 
A good discussion on chromatic polynomials is given by Read [S]. 
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Fig. 1. Two distinct sample colorings. 
An equivalent definition for a proper coloring is a labeling of G where no pair of 
adjacent vertices is labeled with integers whose difference is zero. If in addition to 
forbidding differences of zero, we forbid other differences, then we have a T-coloring. 
Definition 1. Given a set T of nonnegative integers (presumably including 0), a T- 
coloring of a graph G is a labeling of the vertices of G with positive integers such that 
no pair of adjacent vertices is labeled with integers differing by a number in T. 
We can think of T as a set of forbidden edge lengths, where the length of an edge is 
the absolute value of the difference of its vertices’ labels. Note that if T= {0}, then the 
T-colorings of G are exactly the proper colorings of G. 
T-Colorings were first introduced by Hale [3] in connection with the channel 
assignment problem. Here, the vertices of G represent transmitters, and two vertices 
share an edge if their transmitters interfere with each other. If two transmitters 
interfere, then the separation between their channels cannot be in T. A good survey of 
results on T-colorings is in Roberts [6]. 
While there has been considerable work done on both chromatic polynomials and 
T-colorings, there has to our knowledge been no work done on developing a notion of 
a ‘T-chromatic polynomial’. By examining T-chromatic polynomials, we can hope 
both to find out more 
chromatic polynomials. 
2. Counting T-colorings 
2.1. A sample case 
about T-colorings and to broaden our understanding of 
Let T,(n) denote the number of T-colorings of G using colors from the set 
{I,2, ..*, A}. For example, let T= (0, l}, and G=P,, the path on three vertices; then 
T,(4)= 10, as shown in Fig. 2. We would like to find a ‘T-chromatic polynomial’ 
which would give us Tc(n). We can attack this problem combinatorially by breaking 
down T-colorings of P, into three cases. The first case is where each of the three 
numbers assigned to the vertices of P3 differ by at least two. The second case is where 
the two leaves are assigned numbers differing by one (they must still each differ with 
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Fig. 2. The 10 T-colorings of P3 with i=4 and r={O, lj. 
the number of the center vertex by at least two). The third case is where the two leaves 
are assigned the same number. These cases can be further broken down by considering 
whether the center vertex is assigned a number lower, higher or in the first case, 
between the values of the numbers assigned to the leaves. 
Let us disregard for the moment which specific vertices are assigned which num- 
bers, but consider only the actual set of numbers used in a coloring. Then each of these 
cases can be thought of as a nondecreasing sequence of numbers, for which the 
distance between successive numbers in the series is either fixed or allowed to be an 
arbitrary ‘large’ number. For example, looking at the second case and assigning the 
center vertex a number less than the numbers assigned to the leaves, we have 
a sequence a,, a2, a3 where a2-a1 22 and a3 --a2 = 1. We can describe these differ- 
ences w$h a sequence of gap numbers, in this case 2,1. In order to enumerate each of 
these cases, the following lemma is very useful. 
Lemma 1. Consider positive integers n, r and I, and a sequence of gap numbers, 
g1,g2,...rgn_1,suchthatO<gi<r+1for l<i<n-l.De$neanondecreasingsequence 
of n positive integers, say a1,a2, ._ ,a,. to be a proper spacing ly 
(i) for 1 <i<n- 1, 
ai+l--ai=gi ifgi<r, 
Ui+r-ai>,gi $gi=r+ 1, 
(2) %<A. 
Then the number of proper spacings is 
where d is the number of gap numbers equal to r+ 1. 
(1) 
Proof. We show how to construct a proper spacing from a sequence of d + 1 non- 
negative integers, say bO, bI, . . . , bd, whose sum is less than A-~~~~ gi. We begin by 
letting al =b,+ 1. We then define ai+r inductively as follows. If gi <r, then we let 
~i+r=Ui+gi.Ifgiisthemthgapnumberequal tor+l,thenweletai+r=ai+gi+b,. 
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It is easy to see that this satisfies the first condition for a proper spacing. Since 
u, = 1 + clr: gi + If= 0 bi, we have a, < 13. Moreover, a proper spacing can be described 
by some such sequence bO, bl, . . , , b,. The number of such sequences is equal to the 
number of sequences bO, bI , . . . , b,,, of nonnegative integers whose sum is equal to 
I- l-~~~~ gi. This in turn is the coefficient of the (A- l--~~~,’ gi)th power of x in 
(1 +x+x2 . . . )a+2= l/(l-~)~+~, which is given by (1). 0 
We can now count the number of T-colorings of Ps with T= (0, l} by looking at the 
colors of a T-coloring as a proper spacing. Let r = 1 and let n = 3. Then the first kind of 
T-coloring, in which each of the three numbers assigned to the vertices differ by at 
least 2 becomes a proper spacing with gap numbers 2,2. By Lemma 1, there are ( “i2) 
different proper spacings. We can order our colors on the vertices in any way we like, 
giving us a total of 6( 1; 2, T-colorings of the first kind. The second kind of T-coloring 
of P3, where the colors of two leaves differ by one, becomes a proper spacing with gap 
numbers of 1,2 or 2,1, depending on whether the color of the center vertex is greater 
or less than those of the leaves. There are 2(“i2) such spacings, and since we can 
choose the color of the left leaf to be greater or less than that of the right, we have 
a total of 4(“T2) T-colorings of the second kind. Likewise, the third kind of a T- 
coloring, for which both leaves have the same color, is equivalent to a proper spacing 
with gap numbers 0,2 or 2,0, and there are 2( “i ‘) of these. Adding up, we have 
If i> 2, then we can use formulas for binomial coefficients to expand (2) into 
a polynomial: 
2.2. The T-chromatic polynomial 
We are now ready for the main theorem of this paper. 
Theorem 2. If G =( V, E) is a graph on n vertices, and T is a set of nonnegative integers 
with maximal element r, then there is a polynomial, Qo(A), called the T-chromatic 
polynomial of G, such thatfor all Aar(n- l), Qc(A)= T,(A). 
Proof. Denote the vertices of G by vi, vl, . . . , v,. Let ai, a2, ._. , a, be a proper spacing 
for gap numbers gl, g2, . . . , gn_i, where r is the maximum element in T. For ES,, 
consider the labeling f of G where S(V~~~,)= ai. We claim that we can determine 
whether or not f is a T-coloring simply by looking at g1,g2, . . . ,gn- 1. Suppose 
v,(,) and ~~(a) are adjacent, where c( < /% If any of the gap numbers g*, ga+ 1, . . . , ga _ i is 
r + 1, then f(vbcn)-f(v,,,,)>r, so that the edge v~(~)v~(~) does not have a forbidden 
edge length. Otherwise, we have f( v,,(~)) -f( v,(,r - ) C{lml gi. If this number is not in T, 
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then u,(,) K,(B) does not have a forbidden edge length, otherwise, we know that f is not 
a T-coloring. 
By Lemma 1, we know that the number of proper spacings for gap numbers 
gi ,g2, . . . , gn_ 1 is given by (1). We can expand this into the polynomial 
4(1)=(i-s)(1-s+ 1) . ..(A-s+d) 
(d+l)! ’ 
where d is the number of gap numbers equal to r+ 1, and 
n-1 
s= c gi-d 
i=l 
provided that 
/13s. 
To see when (3) holds, we note that 
(3) 
n-l 
izl Si-dG(n-l)r, 
because each gap number is no greater than r + 1, and d is the number of gap numbers 
equal to r+l. Thus, if A>(n-1) r, then the number of proper spacings for 
gl,g2, ...,gn-l is given by q(A). 
Let k be the number of cr~S, for which 
(I) If al,%,..., a, is a proper spacing for g1,g2, . . . ,gn_i, then the labeling 
f(v,uj)=ai is a T-coloring of G. 
(2) For 1 <i<n- 1, if gi=O, then cr(i)tcr(i+ 1). 
Then kq(A) gives the number of T-colorings of G corresponding to the gap numbers 
gl,g2, . . . ,gn- 1, provided that A>(n- 1)~. The second condition assures us that we 
will not count any coloring twice. By summing over all sequences of gap numbers, we 
get a polynomial, Qc(A), which equals 7’,(A) when 13r(n- 1). 0 
Thus, for example, if T= (0, l} then r = 1, so QPS(A) = T,,(A) when A 2 l(3 - 1). Note 
that if T= {0}, that is, if we are dealing with a proper coloring, then Qc(A)= Tc(A) for 
all 220. 
3. Some properties of T-chromatic polynomials 
3.1. Interpreting the coeficients 
In discussing T-chromatic polynomials, the following notation will be helpful. 
Expanding on notation used by Knuth in [2], let M denote the product 
A@-l)(A-2) .*.(2-n+ 1). 
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We call this product a fulling factorial power of degree n. It is easy to show for positive 
n that (A+ 1)1!=AE+n;ls, and thus by induction that 
(A+m)l= 
min(m,n) m 
= 0 
niln-1 
i=O i 
Using falling factorial notation, we can express T-chromatic polynomials by writing 
the coefficients for falling factorial powers of 1- r(n- 1). For example, when 
T= (0, l}, we already computed Qr,(A) as 
(#%-2F+2(A-2F+(A-l)& 
Using (4), we can write Qp,(A) as 
(A-2F+3(1-2)1+2(A-2)L. 
Written in this form, Q,(A) can tell us something about G. 
Theorem 3. Suppose that T has t members, including 0, and maximal element r. Let t be 
the number of numbers between 0 and r that are not in T. Let G be a graph on n vertices 
that has e less edges than K,. Zf Qc(,I)=C~=oai(A-r(n-l)~ then an=l, and 
a,_1=2f(;)+e(2t-1). 
Proof. First note that any proper spacing for gap numbers r + 1, . . . , r + 1 can be used 
to T-color G, and any such proper spacing can be permuted on the vertices of G in n! 
ways. Thus, by Lemma 1 we have that there are n!(“-r”,“-“)=(l-r(n-l)~ T- 
colorings of G arising from gap numbers r+ 1, . . . , r+ 1. Since the degree of the 
polynomial expansion of (1) is one greater than d, the number of gap numbers equal to 
r + 1, this is the only term contributing to the coefficient of A”. Thus, a,, is exactly 1. 
Note that a,_ 1 is exactly the coefficient of An-i in Qc(A)-(A-r(n- l)F. The only 
terms which can affect a,_ 1 are terms corresponding to sequences of gap numbers in 
which only one gap number, say gj, is less than r+ 1. In such a case, vati) and v,,~+ r) are 
the only pair of vertices of G whose labels differ by less than r + 1. If gj is not in T then 
we certainly have a T-coloring; if v,u) and v,,~+~) are nonadjacent, then gi can also 
take on values in T. For the case where gj= h$T, we have n - 1 choices for j, and we 
can choose any of the n! possible CXS,, to order our vertices with. Thus, the number of 
T-colorings arising from such a series of gap numbers is 
n!(n- 1) 
( 
I-r(n-2)-h 
> n-l ’ 
The coefficient of A”- ’ in (5) is n(n- l), regardless of the 
(5) 
value of h. Since there are 
C choices for h, we have the term 29;) contributing to a,-r for the T-colorings of 
G with exactly one pair of vertices being labeled with colors differing by a number less 
than r, not in T. 
If 0 # gj = hET, then we have n - 1 choices for j, and can order the vertices in any 
of 2(n-2)! ways for each pair of nonadjacent vertices in G, giving a total of 
I. Robertson/Discrete Mathematics 135 11994) 279-286 285 
2e(n- l)!(l-‘f::)-h ) T-colorings for each nonzero hET; if gj=O then we have 
only e(n-2)! suitable orderings of the vertices of G, and thus e(n- l)!(A-~?;2)) 
T-colorings. The coefficient of A”-’ from these terms is e(2t- 1). Combining this with 
our calculation for T-colorings where h$T, we have 
a,-1 =21(1)+e(2t-1). Cl 
Corollary 4. If T is as above, G is a graph on n vertices with q edges, and 
Qc(l)=CyzoaiA’, then a,=1 and a,_,=-q(2t-1). 
Proof. Observe that q=(;)-e, that t+l=r-+-1, and that (A-r(n-l)r= 
A”- (2r + l)( !)A”- ’ + ... . The result follows from elementary algebraic 
manipulation. q 
3.2. The span of a graph 
Clearly the minimum number of colors needed to T-color G is the same as xc, the 
chromatic number of G. There is, however, a new interesting property of G that relates 
specifically to T-colorings, introduced by Hale [S]. 
Definition 2. For a graph G and a set T, the span of G, denoted sp,(G), is the 
minimum possible difference between the lowest and highest labels of vertices of G for 
a T-coloring of G. 
Thus spT(G) is the largest value of I for which To(A)=O. Much of the work done on 
T-colorings has involved methods of determining the span of a graph. When can we 
determine sp,(G) from Qc(n)? A look at some examples where T= {0, l} will help 
clarify the difficulties in answering this question. First we look at the case where 
G= K,. The span of G is 2n-2, for we can label the vertices with the first n odd 
numbers. Computing the T-chromatic polynomial for G, we find that 
QG(l)=(l-n+ ly. Since by Theorem 2 we know that QG(n)= T,(A) when A>n- 1, 
we can see from QG(J) that we cannot T-color G with n - 1 <II d 2n - 2 colors, but that 
there are n! different T-colorings of G with 2n- 1 colors. Thus, by looking at Q,(n) we 
can see that sp,(K,)=2n-2. 
Now consider the case G=K1,,. If we label the center vertex of G with a number 
between 2 and A- 1, then we have a choice of A- 3 colors for each of the leaves of G; if 
we label the center of G with 1 or ;1, then we have A-- 2 choices for each of the leaves. 
Thus, we have Qc(n)=(n-2)(1--3)“+2(1-2)“. Moreover, we have QG(A)=TG(A) 
when 122. By labeling the center of G with 1, and the leaves with 3, we can see that 
spT(G) = 2; we can see this same fact by observing that QG(2)=0 and QG(3)= 2n!. 
However, if we simply rely on Theorem 2, then we cannot say anything about To(A) 
for I < n, and thus can only say that sp,( G) < n - 1. 
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The worst situation is exemplified by the case G = P,. By labeling vertices 
alternately 1 and 3, we see that sp,( G) = 2. Again, by Theorem 2 we cannot assume 
that Qc(L)= 7’,(n) when 1~ 5, and in fact it is the case that Q,(4)# r,(4). Thus by 
looking at Q&n) we can only say that sp,(G) <4. 
As seen by these examples, it is not possible to determine spr(G) simply by looking 
at the roots of Qc(n). This is not to say, however, that there is not some other way of 
determining sp,(G) from Qe(J.). 
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